ABSTRACT. Hilbert and Beltrami (line-) systems were introduced by H. Mohrmann, Math. Ann. 85 (1922) p.177-183. These systems give examples of non-desarguesian affine planes, in fact, the earliest known examples are of this type. We describe a construction for "generalized Beltrami systems", and show that every such system defines a topological affine plane with point set Rl. Since our construction uses only the topological structure of Rl-planes, it is possible to iterate this process. As an application, we obtain an embeddability theorem for a class of two-dimensional stable planes, including Strambach's exceptional SL 2 R-plane
Proof. We may assume that D is the unit disk in 1R2. If a line LEV meets aD in more than two points, then L c aD by (2) . For every LeaD, we replace L by the line segment that joins the endpoints of L in A(IR}. Thus we replace the unit circle aD by a Jordan curve JeD. The projection of aD onto J from an interior point q of J yields an isomorphism from the geometry that is induced on aD from D onto the geometry that is induced on J from A(R). This projection extends to a homeomorphism from D onto the closure E of the interior of J, as is easily seen using polar coordinates (with respect to q) and the fact that the distance function is continuous. 0
It seems that the geometries that we call CD were already investigated by E. BEL-TRAMI, and their spatial analogues by F. KLEIN, see [6, §2J, cf . also [7, The set £ is the union of the set of all ordinary lines through the origin and the set of all images of H = {(x, x-I); X > o} under the usual action of SL 2 R (i.e., the group of all real 2 x 2-matrices of determinant I). 
If L = HO for some a E SL 2 R, we consider the "asymptotical rays" of HOj i.e., the half- There is a convexity theory for R2-planes, see [14, p.ll Proof. This follows from the fact that lines in an JR2-plane intersect transversally, see [14, 2.8] . 0
Note that (10) implies that, for every CD, the relation "meet in the interior" is just the relation of "separating" for 2-sets in the circle. This fact will be used later on. Our next aim is to show that every CD can be embedded in an affine R2-plane.
(11) Definition. Let A = (JR2,A) be an affine JR2-plane, and let D = (D,V) be a CD. Moreover, assume that ""(: D ~ E is a homeomorphism onto some A-convex subset E C JR2.
For every line LEV, we define t = L"f U (K \ E), where K E A joins the endpoints of £"I. Then the line set A~ = {L E A; IL n EI :::; I} U it; LEV} gives rise to the incidence structure A~ = (R2,A~). plane with respect to this ordering on L. We consider the set <f of all points x E H with the property that q does not belong to the lower half plane with respect to the line that joins p and x in A~, and the set q t of all points y E H with the property that q does not belong to the upper half plane with respect to the line that joins p and y in A~. Obviously, inf q t = sup q.l., and q belongs to the line that joins p and inf q.l. in A~. According to (10) , two lines that meet in q never meet outside E. This implies uniqueness of joining lines between points of 1R2 \ E and points in EO. The validity of the parallel axiom for A~ also follows easily from (10) .
0
Note that the assumption about the isomorphism between aD and aE holds trivially ifD is "strictly convex", i.e., if L n aD = aL for every LEV. Moreover, we know from (3) that there always exists a model in A(JR). Hence every CD can be embedded in some affine JR2-plane. From L.A. SKORNJAKOV's result [13] , see [14, p.7] , we infer: (13) Corollary. Each CD is embeddable in a projective plane with the property that the point space is a compact surface (in fact, homeomorphic to the point space of the real projective plane).
The planes A(JR)~ are slight generalizations of Hilbert and Beltrami systems in the sense of [10] : Actually, H. MOHRMANN's definitions imply that A(JR)~ is a Hilbert system ifD is locally desarguesian, and that A(IR)~ is a Beltrami system if there exists no desarguesian neighbourhood for any point of D. Note that, even if one starts with the real affine plane, iteration of the process described in (11) requires the general setting. obtains his first example 0/ a non-desarguesian planel. The existence of a point x such that some inversion with center x maps the convex set D onto a convex set is a restriction to the shape of D: if the boundary aD is a (piecewise) smooth curve, this is equivalent to the assertion that the curvature of aD is bounded below (in this case, choose x such that the distance from x to D is bigger than the inverted infimum, i.e., the supremum over the radii of curvature). In particular, there is no such point x for any polygon D . For any ellipse, however, there exists a suitable x. For his example, D. HILBERT explicitly gives an ellipse and a center of inversion. (17) Example. Combining (7), (12), (13), we obtain an embedding of K. STRAM BACH's exceptional S~R-plane in a projective plane whose point space is a surface. This is of particular interest since K . STRAM BACH showed that the SL2R-plane does not admit any SL 2 R-equivariant embedding in a projective plane of the type mentioned above. The homeomorphism p in (6) is choosen in such a way that the action of the subgroup S02R extends to A(R)~, i.e., we obtain an S02R-equivariant embedding. Note that S02R is a maximal subgroup of SL2R.
(18) Remark. Corollary (13) been established, R. LOWEN's "local Fundamental Theorem" [9] can be used to determine the restriction to the complement of D (and to the interior DO, if one has a Hilbert system).
Since the boundary aD contains one-dimensional orbits, results of H. GROH [3J may be useful as well.
(21) Conjecture. It is tempting to conjecture that, among the affine R2-planes, the planes A(R)~ can be characterized by the fact that "the distortion is bounded": I.e., the set of points that do not have desarguesian neighbourhoods is contained in some compact set. However, we face the problem that it is not known whether the complement of a compact set in an affine JR2-plane is isomorphic to a subgeometry of A(JR), if it is desarguesian. The results of H. BUSEMANN [2, 11.2, 13.1] and C. POLLEY [11] use the assumption that each line is connected. For locally desarguesian planes, this assumption is not superfluous, as is shown by examples like F .R . MOULTON's famous plane (see D. BETTEN's description [1) ), or the example in [16, 3.3] .
